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Let K = {k,, , k,} be a set of block sizes, and let (pr, , p,} be nonnegative numbers 
with Cy!‘,,p, = 1. We prove the following theorem: for any E >O, if a (u, K, 1) pairwise 
balanced design exists and v is sufficiently large, then a (u, K, 1) pairwise balanced design exists 
in which the fraction of pairs appearing in blocks of size ki is pi f E for every i. We also show 
that the necessary conditions for a pairwise balanced design having precisely the fraction pi of 
its pairs in blocks of size ki for each i are asymptotically sufficient. 
1. Preliminaries 
Let K={k,, . . . , k,} be a (finite) set of positive integers greater than one. A 
pairwke balanced design (V, 93) is a set V of u elements, and a collection 93 of 
subsets of V with the properties that the size of each set of 93 is an integer in K, 
and every 2-subset of V appears in precisely one set of $33. Such a pairwise 
balanced design has order u, index one, and blocksizes K, and is termed a 
(v, K, 1) PBD. When K = {k}, the PBD is a (u, k, 1) block design. When c $ K, 
a PBD with exactly one block of size c and all other block sizes from K is termed 
a (v, KU {c*}, 1) PBD. See Hanani [5] for further definitions and background. 
For a (v, K, 1) PBD to exist, two congruence conditions are necessary. Define 
cu(K)=gcd{kl-l,k,-1,. . . , km-l}, and 
P(K) = gcd{kl(k, - l), k& - l), . . . , k&n - 1)). 
Then we must have u - 1 = 0 (mod a(K)), and v(v - 1) = 0 (mod P(K)). Wilson 
[6] proved that these conditions are asymptotically sufficient: 
Theorem A [6]. For K a set of positive integers, there is a constant NK so that if 
v>N,, v - 1 = 0 (mod a(K)) and v(v - 1) ~0 (mod P(K)), then a (v, K, 1) 
pairwise balanced design exists. 
Wilson’s theorem guarantees the existence of some PBD with the required 
block-sizes, but does not control the number of blocks of each size in any way. In 
certain applications, however, it is important to ensure that “most” blocks are of 
one size. In this context, one can view the Erdos-Hanani theorem [4] as 
establishing the existence of (v, {k, 2}, 1) PBDs with almost all blocks of size k. 
Another context in which a majority of blocks of one size is required appears in 
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[3]; there, (v, (6, 7}, 1) PBDs are constructed in which almost all blocks have size 
6, for all orders which are sufficiently large and for which a (v, (6, 7}, 1) PBD 
exists at all. 
In this paper, we use Wilson’s theorem extensively to prove a general theorem 
in this direction. Informally, we show that one can prescribe the fraction of blocks 
of each size, and provided that the order is sufficiently large and the necessary 
conditions are met, there is a PBD with the required fraction of blocks of each 
size. More formally, we prove two theorems along these lines: 
Theorem 1. Let E > 0. Let K = {k,, . . . , k,} be a set of block sizes. Then there is 
a constant CK, E so that if v 3 CK,E, v - 1 = 0 (mod a(K)), and v(v - 
1) = 0 (mod P(K)), there is a (v, K, 1) PBD in which the fraction of the blocks 
having size kI exceeds 1 - E. 
Theorem 2. Let E > 0. Let K = {k,, . . . , k,} be a set of block sizes. Let 
{PI>. . . , pm} be nonnegative numbers with Cz, pi = 1. Then there is a constant 
PK,+ so that if v 2 PK,+, v - 1~ 0 (mod a(K)) and v(v - 1) = 0 (mod B(K)), there 
is a (v, K, 1) PBD in which, for each 1 s i s m, the fraction of pairs appearing in 
blocks having size ki is in the range [pi - E, pi + E]. 
The proof of these theorems relies on constructing a large (but finite) collection 
of PBDs in which blocks of one size predominate. In addition to Wilson’s 
theorem, we require a theorem due to Chowla, Erdiis and Straus [2] (see also 
Wilson [7] and Beth [l]): 
Theorem B. For every k s 1, there is a constant Lk so that a transversal design 
TD(k, v) exists for all v 2 Lk. 
A question related to that settled in Theorem 2 is to settle the existence of 
pairwise balanced designs having exactly the fraction pi of its pairs covered by 
blocks of size ki. In addition to the basic necessary conditions for the PBD to 
exist, we then have the additional necessary condition for each 1 G i G m: 
piV(V - 1) s 0 (mod k,(ki - 1)). 
We prove the following: 
(*) 
Theorem 3. Let K be a set of block sizes, and let {p,, . . , , pm} be nonnegative 
fractions with Cy=‘=, pi = 1. Then there is a constant C so that for every v > C 
satisfying v - 1 = 0 (mod a(K)), v(v - 1) = 0 (mod /3(K)), and (*), there is a 
(v, K, 1) PBD in which, for every i, blocks of size ki contain the fraction pi of all 
pairs. 
To prove this theorem, we employ a generalization of Theorem A to graph 
designs established by Wilson [8]: 
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Theorem C. Let ‘3 be a graph with e edges. Let (u(S) be the greatest common 
divisor of all vertex degrees in 3, and let p( 3) = 2e. Then there exists a constant 
C, such that for all v > C,, if v - 1~ 0 (mod (u(S)) and v(v - 1) = 0 (mod /3(S)), 
the complete graph K, can be decomposed into edge-disjoint subgraphs, each 
isomorphic to 3. 
In the remainder of the paper, we use Theorems A, B and C to prove theorems 
1, 2 and 3. 
2. Proof of Theorem 1 
The strategy of the proof is to construct PBDs 9; of orders z + kj (where z is an 
appropriately chosen positive integer), and a PBD @,, of order z + 1, each of 
which has all but E fraction of its pairs in blocks of size k,. To do this, we first 
construct PBDs S!& of orders c + k;; we then construct PBDs %; of orders 
y + c + ki and y + c + 1, and many apply a product construction (see Fig. 1) to 
form PBDs gi of orders xy + c + k; and xy + c + 1 with the required fraction of 
blocks of size k,. Appropriate choices for the integers x, y and c are given. 
Finally applying Theorem A to PBDs with block sizes Igil for 0 s i s m, we 
will infer Theorem 1. 
Now we give a more detailed description of the proof. Choose c sufficiently 
large so that we can form a collection %‘,,, !%,, . . . , Brn of PBDs with block sizes 
from K, with %‘,, having order cc, = c + 1 and Bi, i > 0, having order ci = c + ki (c 
can be chosen to be an appropriate multiple of nz_, k,(k, - l)(k, - 2)). Let y be a 
multiple of nr(, ci(ci - l), large enough so that a (y + c,, c,, 1) block design exists 
Y 
Fig. 1. 3,. 
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for each i, and a TD(k,, y) exists. Theorems A and B ensure that such a selection 
is possible. Replace all but one blocks in a (y + ci, Cit 1) block design to form a 
(y + ci, K U {CT}, 1) PBD ‘%; (i.e. %$ contains exactly one blocks of size ci). 
Now choose a value n = 1 (mod /3(K)) for which an (x, k,, 1) block design 
exists, and 
EYZ(i) x(i) + (3 +xyc,, 
for every i, which exists by Theorem A. Let & be an (x, k,, 1) block design. 
From ti and %;, we form a (v, K, 1) PBD 9; on di = xy + ci elements as 
follows. Let V be the element set of &. The element set of $3; is then 
V X (1, . . . , y} U {ml, . . . , mc,}. First, for j = 1, . . . , X, we place a copy of Fe, on 
the elements V x {j} U {m,, . . . , m,,}, so that the (unique) block of size ci is on 
the elements {ml, . . . , m,,}. N ex , w t h enever A E 4 place a copy of a TD(k,, y) 
on the elements A X (1, . . . , y}, with groups of the transversal design on classes 
of elements having the same second coordinate. Finally, replace the block of size 
cion {~I,...,~C, } by the blocks of 93;. The result, 9;, is a (v, K, 1) PBD in 
which the fraction of pairs in blocks of size k, exceeds 1 - E. 
Let D = {d,,, . . . , d,}. We want to apply Theorem A again to produce PBDs 
with block sizes from D for all sufficiently large orders satisfying the necessary 
condition for a PBD with block sizes from K to exist. To this end, we must verify 
that (Y(D) = a(K) and /3(O) = P(K). S ince IIZ, ki(ki - l)(k, - 2) divides both c 
and y, and d, = xy + c + k; holds, we infer that o(D) > a(K) and p(O) 3 /3(K). 
Now we verify the opposite inequalities. 
Since m(D) divides both do - 1 = xy + c and di - 1 x xy + c + ki - 1 for i = 
1 , * . . , m, (Y(D) must divide their difference. That is, (Y(D) divides ki - 1 for all 
i=l,..., m, and hence o(D) G a(K). 
Now we show that p(D) G P(K). Let y be a prime power dividing p(D). Set 
z=xy+c. ThenwehavedO=t+landdi=z+kjfori=l,...,m. Forevery 
i=O,..., m, y divides d;(d; - 1) and hence y divides the difference 
d;(d; - 1) - d”(d” - 1) = 2(k; - 1)~ + ky - k;. (2.1) 
On the other hand, y divides do(do - l), and hence 
either y 1 z or y ( (z + 1). (2.2) 
We show that the latter case is impossible. Suppose to the contrary that y divides 
z + 1. Note that z =xy + c is a multiple of IIEI k;(ki - l)(k, - 2) and hence y 
does not divide k; - 1 or k; - 2 for any i. Rewriting (2.1), we obtain 
y I2(k; - l)(z -I- 1) + (k; - l)(k, - 2), 
which implies that y ( (k; - l)(k, - 2), a contradiction. 
Thus y cannot divide z + 1, and hence by (2.2) must divide z. Together with 
(2.1), this implies that y ) k;(k; - l), proving that y 1 /3(K) and hence also 
B(o) 2 P(K). 0 
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Let u meet the necessary conditions for a (21, K, 1) PBD, and v > No. Then a 
(v, D, 1) PBD exists. Replacing each block of size di by a copy of pi yields a 
(v, K, 1) PBD in which the fraction of pairs in blocks of size k1 exceeds 1 - E. 
3. Proof of Theorem 2 
Let 6 be small enough that 
(pi - 6) E api - E, and (3.1) 
(pi + 6)(1+ 6) + 6 <pi + E 
holds for every i = 1, . . . , m. 
(3.2) 
Using Theroem 1, produce a collection of PBDs with block sizes from K, 
{%‘i~:O~i~m,l~j~m},sothatforeachj, lcjcm, Sjjhasallbut(l-6)of 
its pairs in blocks of size kj; the orders of 9&j, . . . , ~~j are bO, . . . , b,, which are 
chosen as follows. Let z be a (sufficiently large) multiple of fly=, ki(ki - l)(k, - 
2), so that we can produce all of the designs required above with orders 
b0 = z + 1, and for 1 s i s m, bi = z - ki. Moreover, we require that z is large 
enough that bi(bi - 1) s (1 + 6)b,(b, - 1) for all 1 c i, r c n. 
Let S = {6,, . . . , b,}. We have a(K) = (Y(S) and /3(K) = p(S), as in the proof 
of Theorem 1. For r~ sufficiently large with 21 - 1 = 0 (mod a(K)) and ZI(V - 
1) =O (modP(K)), Theorem A ensures that a (v, S, 1) PBD 9 exists. In 
addition, for v sufficiently large, we can ensure that the blocks of 9 can be 
partitioned into m classes SO that ]9i//] 9] is in the range [pi - 6, pi + 61. For 
j=l,..., m, replace each block in Bi of size bi by a copy of ~43~~. The PBD % 
which results is a (v, K, 1) PBD. If iii is the number of pairs in % which are in 
blocks of size ki, then we have for each i = 1, . . . , m that 
&> PiI (1 - 6) ~ (pi _ 6) Cl- 6) 
V 0 IW u+ 6) cl+ 6) 2 
and 
Therefore by (3.1) and (3.2), % satisfies the requirements of the theroem. 0 
4. Proof of Theorem 3 
Write the fraction pi of pairs in blocks of size ki in the form i/b, so that gcd 
{fit.. . , fm} = 1. The necessary condition (*) states then that for all i, 
V(V - I)& s 0 (mod bki(ki - 1)). 
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We construct a PBD with the prescribed fraction of pairs in blocks of each size 
whenever these necessary conditions are met. To do this, form a graph G 
consisting of disjoint complete subgraphs; G has r, components isomorphic to Kk,, 
so that 
I;k(ki - 1) = A 
Cpl qkj(kj - 1) b ’ 
for each i. Moreover, we ensure that gcd{r,, . . . , rm} = 1. Letting e be the 
number of edges of G, we can simplify to 
ribkj(kj - 1) = 2eL. 
Hence the necessary condition becomes 
ZJ(V - l)ri E 0 (mod 2e). 
Since the {ri} are relatively prime, we have 
V(V - 1) = 0 (mod 2e). 
By Theorem C, the necessary conditions are asymptotically sufficient for the 
existence of a decomposition of Ku into graphs isomorphic to G; such a 
decomposition trivially gives a PBD with the required fraction of pairs in each 
block size. 
5. Closing remarks 
The theorems proved here are to a large extent straightforward consequences 
of Wilson’s theorems. Nevertheless, they allow finer control of the distribution of 
block sizes, and hence are useful for extremal questions in design theory, such as 
that studied in [3]. 
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